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Abstract 

Some recent ideas are generalized from four dimensions to the general dimension n. In quantum 
field theory, two terms of the trace anomaly in external gravity, the Euler density G„ and □™/ 2_1 i?, 
are relevant to the problem of quantum irreversibility. By adding the divergence of a gauge-invariant 
current, G n can be extended to a new notion of Euler density G„, linear in the conformal factor. We call 
it pondered Euler density. This notion relates the trace-anomaly coefficients a and a' of G„ and □™/ 2_1 i? 
in a universal way (a — a') and gives a formula expressing the total RG flow of a as the invariant area of 
the graph of the beta function between the fixed points. I illustrate these facts in detail for n = 6 and 
check the prediction to the fourth-loop order in the </? 3 -theory. The formula of quantum irreversibility 
for general n even can be extended to n odd by dimensional continuation. Although the trace anomaly 
in external gravity is zero in odd dimensions, I show that the odd-dimensional formula has a predictive 
content. 
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1 Introduction 



The trace anomaly is a useful tool to study non-perturbative properties of quantum field theory 
making use of perturbation theory only. A particularly fruitful arena for this kind of investiga- 
tion is the conformal window, where the renormalization-group (RG) flow interpolates between 
two conformal field theories; this interpolation is understood in the sense of the resummation 
of the perturbative expansion, even when the interacting fixed point is strongly coupled. 

Embedding the theory in external gravity is particularly convenient to study the RG inter- 
polation between the UV and IR values of the so-called central charges, i.e. the coefficients c, 
a and a' of the gravitational invariants appearing in the trace anomaly. 

The central charges satisfy positivity conditions and the spectra of anomalous dimensions 
obey even stronger restrictions Jl], (2|, which give non-trivial information about the low-energy 
limit of the theory. Other inequalities are strictly related to unitarity, such as the irreversibility 
of the RG flow, which is the statement that auv > a iR- 

In || we studied the problem of quantum irreversibility in four dimensions. A non-perturbative 
formula expressing the total o-flow as the invariant area of the graph of the beta function be- 
tween the fixed point comes out naturally. This formula agrees with perturbation theory up to 
the fourth-loop order included. Moreover, a natural positivity property of the induced action 
for the conformal factor implies the a-theorem to all orders, i.e. the inequalities auv > a iR > 
and the formula for Aa = auv — «IR- 

Precisely, it was explained in ||] that quantum irreversibility is measured by the invariant 
area of the graph of the beta function between the fixed points. In particular, there exists a 
one-form 

u = -dA /3(A) /(A), (1.1) 
where /(A) > is a metric in the space of coupling constants, defined by 

1 (3 2 (t)f(t) 



(6(x) 9(0)) 
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in four dimensions (t = ln\x\[i). is the trace of the stress-tensor. The ideas of || can be 
summarized by the formula 

Aa = Aa = / u > 0, (1.2) 

Jvv 

saying that the total RG flow of a is the integral of the form u between the fixed points. 
This statement was checked to the fourth-loop order in the most general renormalizable four- 
dimensional theory. 

It is therefore interesting to understand whether the new approach extends directly to arbi- 
trary dimension, or further obstructions, similar to the conceptual gap between irreversibility 
in two- and four-dimensions, make this task less straightforward. 

However, the motivation for exploring higher-dimensional field theories is not purely aca- 
demic. The final aim is to extend the study of quantum irreversibility, well-established in two 



2 



and four dimensions, to three-dimensional quantum field theory and phenomena relevant to 
condensed matter physics, for instance superconductivity. 

The trace anomaly is an intrinsic effect of renormalization, in particular a non-vanishing 
beta function ^J, [5], and exists in every dimension. For example, G is ^r-(f e in the (p e - 
theory in three dimensions. The anomaly begins at two loops instead of one (because odd-loop 
Feynman graphs do not diverge in odd dimensions), which is the reason why it is not visible as 
an ordinary one-loop anomaly. 

The trace anomaly operator equation in flat space is not sufficient in itself to study the 
phenomenon of quantum irreversibility. One needs the trace anomaly in the presence of an 
external background (gravity in even dimensions) that supports certain invariants (such as 
the Euler density) and therefore appropriate anomalies, the central charges, in particular the 
quantities a and a! . There is no such background in odd dimensions. Therefore, we do not see 
any other way of extending the ideas to odd dimensions than continuing those formulas that 
hold in even dimensions. From the formal point of view, this does not present problems. The 
coefficients to be continued to odd dimensions are indeed very simple functions of the dimension 
n. I will discuss a situation in which the odd-dimensional formula can in principle be checked. 

This is, in summary, the reason why it is interesting to treat the problem of generic n. I start 
by presenting some aspects of the ideas of |J from the point of view of differential geometry, 
to clarify how the generalization to arbitrary n can be achieved. I stress, however, that the 
major source of inspiration for these ideas is physics. Many identities could be found only with 
a major effort, if they were not inspired by the physical ideas behind them. 

For definiteness, in the first part of the paper I focus on n = 6, or n = 6—e. Several identities 
hold for arbitrary n, a fact that is quite important to reduce the number of independent terms 
in the regularized theory. A special section is devoted to the generalization of the irreversibility 
formula to arbitrary dimension. 

The Gauss-Bonnet integrand, or Euler density, 

G 6 = -s^^e aM&eC R^W p iR% (1.3) 

is a non-trivial total derivative, i.e. the total derivative of a non-gauge-covariant current (the 
Chern-Simons form). It is clear, then, that Gq is defined up to trivial total derivatives, i.e. up 
to the divergence of a gauge-covariant current. The topological numbers calculated with any 
modified Gauss-Bonnet integrand of the form Gq = Gq + V a J a are exactly the same as those 
computed with the ordinary one. The modified integrand, however, can be chosen so as to have 
an additional remarkable property, namely to be linear in the conformal factor. The anomaly 
equation and the induced action for the conformal factor simplify enormously. The modified 
integrand will be called pondered Euler density and is meaningful in every even dimension. 
This phenomenon is already apparent in four dimensions, where the pondered Euler density]] 

iS 8 8 

G 4 = G 4 --OR = G 4 + V Q J 4 Q , J 4 a = --V QJ R. (1.4) 

1 In the notation of the present paper G4 is 4 times the Gauss-Bonnet integrand of ref. ||. See ( |5,29| ). 
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According to ref. [|| the conceptual gap between quantum irreversibility in two and four 
dimensions is filled by the pondered extension of the Euler density. This is the true Euler density 
that should appear in the trace anomaly operator equation, thereby removing the ambiguities 
associated with the trivial total derivative terms appearing in the trace anomaly. The higher- 
dimensional extension of these ideas requires no other conceptual innovation. 

In higher dimensions the possibility of fine-tuning the coefficients of the numerous additional 
terms to construct a pondered Euler density is far more upsetting than in four dimensions, in 
view of the complexity of the expressions. 

Inspired by these ideas, we have found that in six dimensions the combination 

\J~Q G§ = \fg [Gg + VfjJg 1 ] = 48 n 3 ^ (1.5) 
is indeed linear in the conformal factor cj) for conformally flat metrics g^ v = e 2 ^^^, if 



J 6 Q = -^-20c)^V^-g + 2Cj^V^ 

1 44 \ 24 

IOC J V a (R^R^) - —V a aR. 



(V a R 2 + 



(: 



V 5 



We do not need to use the Riemann tensor R^ U pa- We re-express it as a combination of the 
Ricci tensor R^ u and the scalar curvature R, plus the Weyl tensor W^ upa . Most of our work in 
this paper focuses on the trace of the stress-tensor, coupled to the conformal factor (p. It is 
understood that our formulas are written "up to terms proportional to the Weyl tensor" . 

Our requirement Ql.5|) does not seem to fix Jq uniquely, but leaves a free parameter 
We do not need £, since £ does not affect the term D 2 /?, but this parameter is the sign of a 
redundancy in our list of terms. Exploring this issue better, we find that the combination 



V, 



V a R 2 - 2(n - l)V a {R pv R^) - 2R ati V»R + 4(n - l)^V v ^ a (1.6) 



is identically zero on conformally-flat metrics in arbitrary dimension n. The fact that this is 
true for arbitrary n and not just for n = 6 allows us to consistently reduce the number of terms, 
in a regularized theory as well. We choose Q = ^j 2 -, so that 

48 1 02 24 

j° = — -R^V^R + V a R 2 - 12V Q (R^RH V a aR. (1.7) 

5 25 5 

Writing ^/gG^ = d a C a , where C a is the Chern-Simons form, the pondered Chern-Simons form 
reads C a = C a + ^fg~J a and ^/gG 6 = d a C a . 

In ref. || Karakhayan et al. have explicitly written a conformal-invariant operator of the 
form □ 3 +curvature terms in six dimensions. A similar operator (of the form □ 2 + curvature 
terms) exists in four dimensions ||. It is actually the variation of the pondered Euler density 
with respect to the conformal factor, and it can be read in six dimensions by varying Q§ under 
a general rescaling — > e^g^. Gq can also be derived from the results of ref. ||, with a 
certain amount of work. The pondered Euler density is the basic ingredient to write down the 
higher-dimensional analogue of the Riegert action ||]; it is unique up to terms proportional to 
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the Weyl tensor. In section 5 the expression of Gs is reported and the construction for arbitrary 
even n is presented. 

The notion of pondered Euler density relates in a universal way the trace-anomaly coeffi- 
cients of G6 and 2 R, which we can call a and a' , respectively. It allows us to generalize the 
formula of || , measuring the effect of quantum irreversibility in terms of the area of the graph 
of the beta function between the fixed points (section 2). 

The rest of the paper is organized as follows. After a detailed classification of the curvature 
terms occurring in the bare lagrangian and in the trace anomaly (section 3), we check this 
prediction to the fourth-loop order in perturbation theory for the (/? 3 -theory in six dimensions 
(section 4); this is a good opportunity to show that the RG equations produce exactly the 
pondered Euler density, eliminating step by step the ^-interaction terms in the trace anomaly. 
The a-theorem can indeed be seen as a non-renormalization theorem for the O many-point 
functions. The general formula is extended to arbitrary n in section 5, where the continuation 
to odd dimensions is discussed, together with a suggestion for a check. 

Before beginning the technical study, we make a comment of a general character. Quantum 
irreversibility is intrinsically related to the beta function, as we have stressed. The beta function 
plays a major role in the RG interpolation problem. Now, perturbation theory cannot be applied 
too naively in this context, otherwise fake ambiguities and sometimes wrong conclusions do arise. 
There is a well-known scheme change, proposed by 't Hooft in which the beta function 
is just two-loop. If this were consistent in the RG-interpolation problem, we could conclude 
immediately that the (/? 4 -theory, say, has a UV interacting fixed point, that pure Yang-Mills 
theory has no IR fixed point, etc. However, the scheme change under consideration is allowed 
only order by order in perturbation theory. 

The point is that an apparently harmless power series in a can resum to a function pro- 
portional to the inverse of the beta function. An example is the function a//3 in QCD, where 
/3 = dlna/dln/i. A scheme change generated by such a function is admissible in the naive 
sense, not in our problem, since it spoils a proper interpolation between the fixed points. The 
moral of the story is that one has to keep track of the orders of (3 and a, not only of the powers 
of a0. 

The appearance of orders of (3 can often be rigorously detected and a good approach to the 
RG interpolation problem relies on this fact. An illustration is provided precisely by the trace 
anomaly, whose existence was first realized by Coleman and Jackiw in ref. []l3fl . It was later 
shown |Q] that the general form of the trace anomaly reads = (30, O being a certain operator 
(F 2 /4 in the case of QED and Yang-Mills theory). While both (3 and O depend on the scheme, 
the invariant content of this equation is precisely that is of order (3 around the fixed points 
and that a scheme change that spoils this property is not admissible. This is in agreement with 
the restored conformal invariance at the fixed points. 

Sometimes, axial anomalies are proportional to the beta function also. In particular, this 
applies, in supersymmetric theories, to the divergence of the i?-current, which is the supersym- 

2 These ideas have been discussed and applied extensively in JH], [l2j , to which we refer the readers for further 
details. 
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metric partner of 0. There is no contradiction with the Adler-Bardeen theorem, since currents 
differring by 0(e)-terms (we assume that we are working in dimensional regularization) can 
well satisfy different anomaly equations. In one case the divergence has the form predicted by 
the Adler-Bardeen theorem, in another case it is proportional to the beta function [|14|]. In 
agreement with our observations, the scheme change that interchanges the two anomaly equa- 



tions is singular (see for example ref. fig] ). The important thing for the applications [12] is to 
identify which current is the correct partner of (this problem has been known for some time 
as the anomaly puzzle). 



When embedding the theory in external gravity, the careful analysis of [17, |Tq| , which we 
are going to use extensively in this paper, identifies other places where orders of j3 appear. 
Most scheme dependences in the central charges are proportional to the beta function |ll]] and 
therefore do not affect the critical values and the total RG flows. These techniques allow us to 
show that the renormalization-group equations select precisely the combination of gravitational 
invariants that we have called pondered Euler density. 

In summary, quantum field theory defines a natural fibre bundle, that we call scheme bundle. 
The base manifold is the space of physical correlators and the fibre is the space of allowed scheme 
choices, with the regularity restriction outlined above. A projection onto the base manifold is 
defined and assures scheme independence of the physical correlators. The scheme bundle is 
equipped with a metric / and a fundamental one-form u, see (|1 . 1|) . In integrals expressing total 
RG flows, such as (|1.2| ), scheme independence is reparametrization invariance. The bundle 
admits a "proper" section (and so a proper beta function and a proper coupling constant), 
defined as the scheme choice for which the metric / is constant throughout the RG flow (see 
for the detailed construction). 

This geometric approach to quantum field theory is complementary to a similar notion 
introduced in JO]] for the algorithm of subtraction of divergences in the most general gauge 
field theory. In that case a fibre bundle was defined, whose fibre was the space of fields and 
antifields and whose base manifold was, again, the space of physical parameters and correlators. 
The removal of divergences was proved to be the direct product of a diffeomorphism in the base 
manifold and a canonical transformation on the fibre. There is a natural structure of connections 
and curvatures that helps the generalization of the known theorems of renormalization theory. 

2 Idea and prediction 

At criticality the trace anomaly reads 

= a* G6 + conformal invariants + trivial divergences. (2-1) 

For a free theory with N s real scalar fields, Nf Dirac fermions and N v 2-forms, we have 

a free = (N 8 + f 6 N f + v Q N v ) const. (2.2) 

Results for af ree , in particular the overall constant and the relative factor f$, can be found in 
ref. IE01. 
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The idea of H is that the "trivial" divergences are fixed uniquely by the property (|1,5| ) and 
in the end are not so trivial as is commonly assumed, since they produce a precise formula for 
the effect of quantum irreversibility. From the point of view of explicit calculations, these terms 
contain a certain type of ambiguity, which makes them ill-defined by arbitrary additive finite 
bare parameters. Nevertheless, the ambiguities can be consistently removed in a universal way, 
writing 

= a* Gq + conformal invariants. (2-3) 

The two-point function of is proportional to the number a* in the conformal limit (3 = 0. 
We get 



<6(x) 0(y)> 



-48a* n 6 5(x - y). (2.4) 



8<p{x)5(j){y) 

Here S^gfc/)] denotes the induced effective action for the conformal factor. The notation Q\ 
means that the quantity Q is evaluated in flat space. Formula (2J) gives, in the case of a 
conformally-flat metric, 

B = 48a*Q 3 (/>, 

and the induced action is 

\2 



S E = -24 a* J d 6 x(ad^ 



With the identification a' = a, i.e. with the modified Gauss-Bonnet integrand, the ^-action 
is free at criticality, which means that the three- and many-point functions of are zero. In 
four dimensions the two-point function (0(x) 0(0)) equals — qq^^ a0 2 S(x). In two dimensions 
it is {@(x) 0(0)) = -f C aS(x). 

Using formula (^4|) we see that the quantity a* can be expressed at criticality by the integral 

a * = - 2 i3.33. 5 / d " x \ x - y^ e ^ e fo)>- ( 2 - 5 ) 

We now consider the off-critical theory. We can define a function a'(r) of the intermediate 
energy scale 1/r by restricting the integration over a four-sphere S(r, y) of radius r and centred 
at the point y, precisely 

o(r 2 ) - a(n) = -^7^ / d 6 x \x - yf(Q(x) &(y)). (2.6) 



2 13 • 3 3 • 5 



S<n,v) 



For a critical theory we have auv = °IR = a ( r ) = a *- Off-criticality, the running of a'(r) is due 
to the internal term (e.g. |y(/? 3 in the 9? 3 -theory) appearing in the expression of 0. There is a 
non-local contribution to the correlator (0(x) 0(y)), 

0(x 0(y)) = ^ : -2 — , for y, 2.7) 

vr^ \x — y\ lz 

so that the total flow of the quantity a is non-negative and equal to the invariant area of the 
beta function: 

r+00 /-Air 
«uv - a m = / dt (3 2 {t)f{t) = - dA f3{\)f{\) > 0. (2.8) 



uv 
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This prediction can be checked to the fourth-loop order in perturbation theory. We will 
consider the </j 3 -theory in six dimensions. This theory is not a meaningful physical theory, but 
it is the only renormalizable theory in dimension greater than four. It was observed in Q that 
formula (^^) is expected to work even in the absence of an interacting fixed point and can be 
consistently checked order by order in perturbation theory whenever the perturbative expansion 
makes sense. The price is that we cannot demand that the inequality auv > a iR) which is the 
natural generalization of Cardy's conjecture to six dimensions, be satisfied. 

In our notation the lagrangian is 



C = d b x 



where i = 1,2,3. We choose this form so as to avoid counterterms linear in (p. We sometimes 
compactify the notation by writing £ =^(d fl (p) 2 + ^\ f 3 , but it should be kept in mind that what 
we mean is the theory (|2,9|). 



We follow the procedure of [17], which we generalize to six dimensions. It was explained 
in Q that we do not need, to the order we are interested in, to worry about the non-minimal 
term Rip 2 in the extension of ( |2.9[) to curved space. The two-loop beta function is [f22} | 

1 A 3 41 A 5 

The theory is formally asymptotically free. We have = — fl(X)<p\ip2fz an d therefore 



213.33.5I-1 w\"Jri\»J// 2 7 • 3 3 • 5 (4vr) 6 ' 

since the (^-propagator is (ip(x) ip(0)) = — 1/D = l/(4-7r 3 ) 1/|x| 4 . 

As was explained in ref . || , our formula predicts the a- flow even in the absence of a rigorous 
fixed point. However, in order to achieve this goal, we have to pretend that a fixed point does 
indeed exist. This can be done as follows. We write /3(A) = /32A 3 (A 2 — Aj R ) + 0(X ) and pretend 
that A : 2 R = -P1/P2 is a small parameter. In other words, we consider f3± as an independent, 
small parameter, and replace it with — /?2 A 2 R everywhere. This procedure is unambiguous as 
long as we can keep track of the orders of (3, not only the orders of a, as explained in the 
introduction. We will see that there is enough information to carry this over to the end. Of 
course, there would be no such nuisance in the presence of a true zero of the beta function. 

We therefore have, to the lowest order: 

auv - a(A m ) = - d\' f.foX' 3 (A' 2 - A 2 R ) = ±-{3 2 fA, 
Jo tl 

and the fourth-loop-order prediction 

1 41 A 6 

a(A) = a frcc - _/? 2 /,A 6 +0(A 8 ) = a free + 7464g6Q { ^ )12 + 0(X 8 ), 
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or 







dfree + 



41 



A 6 



Gfi + rest. 



(2.10) 



v 7464960 (4tt) 12 , 

Note that the check of Aa is independent of the value af ree - This value is needed to normalize 
a conventionally, but Hathrell's techniques, which we extend here to six dimensions, give the 
flow Aa directly and are actually unable of predicting the value Of ree . We stress again that the 
first relevant radiative correction is fourth-loop in our case, while it is generically third-loop in 
four dimensions. 



free 




A a (A.) 



Fig. 1: the direct computation of A a(k) would be four-loop. 



3 Classification of the curvature terms 

In this section we discuss the general structure of the trace anomaly and the bare lagrangian. 
A detailed introduction to the subject can be found in ref. |23|| . 

The conformal-invariant terms are four. Two terms are cubic in the Weyl tensor, 



A x = W^ p(7 W^W p a % 



' fiupcr 

A third term has the form 



A 2 = W^W^W^f. 



A 3 = W^ pa aW^ p(T + ■ ■ ■ (3.1) 
and is directly related to the central extension c of the OPE algebra (see [|ll] for details): 

(V(x)T pff (0))=cn^ D (^ 

T pv denoting the stress-tensor and nL^po- being the spin-2 projector (see for example |24]]). To 
see this, we use the relations 







e. 



d 1 



/'- 



7T 3 <5(X) 



so that 



dfi J ' ^ dji \x\ & 

J G T^(x)T pCT (0)) vr^n^^ 



e 
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and therefore G ~ cA$ + rest. The central-extension term reads W iiVpa ^ n l 2 ~ 2 W il ' l ' fKJ + • • • in 
generic even dimension n > 2. 

The complete form of ^3 that can be found in the literature (for example, in ref. [||, formula 
(2.18)) is not explicitly proportional to the Weyl tensor. This is because a spurious contribution 
proportional to Gq is included. It is easy to see, however, that subtracting this term away, A3 
can be re-expressed in a form that is proportional to the Weyl tensor (see for example fOf ). 
This fact shows that ^3 is negligible for our purposes, as well as A\ and A2. 

In conclusion, there is only one term that is relevant to our analysis, and this is G6- 
The most general bare lagrangian contains in the gravity sector the following terms 

£b = aBG 6 + b B RR^R^ + c B R 3 + d B RaR + e B R^UR^, (3.2) 

where Gq ( |1.3| ) is continued to dimension n as 

-12iVi™£ + -^-RR^ U - 3 (" 2 + 4 ^ - 4 V + 0{w) 

F n — 1 4(n — \y 

and terms proportional to the Weyl tensor W, irrelevant to our analysis, are omitted. 

In the above list, there is one redundancy, as a reflection of the property noted in (|0]) at 
the level of total derivatives. Indeed the combination 

-2(n - l^OR"" - ^(V^R) 2 + ]pR 2 + ( n - 2)V^(R^V U R) 

+ 2^ -LR R»PR% - 2 -RR^R» U + -R 3 (3.3) 

n — 2 r n — 2 n — 2 

is identically zero on conformally flat metrics, in arbitrary dimension n. The derivative of 
the above expression (integrated over the space-time) with respect to the conformal factor is 
(n — 6) times the same expression. For this reason, it is negligible for our purposes. Therefore 
we consistently remove the parameter e B in ( |3.2| ). 
In the end we remain with Gq and the three terms 

RR^R^ U , R 3 , RUR, (3.4) 

at the level of the bare lagrangian. All the other terms are either proportional to the Weyl 
tensor or total derivatives in n dimensions and can therefore be omitted. The three terms 
( |3.4| ) are forbidden at criticality, since their integrals are not conformal-invariant in n = 6. 
Off-criticality, they do appear, but their coefficients, proportional to the beta function, will be 
related to a B in a way that we have to uncover (and that should, in particular, agree with our 
prediction Aa = Aa'). There is some surviving ambiguity, actually, since 6b, c b and d B can be 
shifted by arbitrary additive constants. 

The same three terms appear, multiplied by (n — 6), in the trace anomaly equation. More- 
over, four independent total-derivative terms, 

a(R^ lu R^), OR 2 , V^R^VuR), a 2 R, (3.5) 
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appear at the level of the trace anomaly G, with coefficients related to the coefficients a B , b B , 
c B and d B (the coefficients of these terms in do not come multiplied by (n — 6)). 

It is worth recalling that in four dimensions we have the terms G4 and R 2 at the level 
of the bare lagrangian, G4, R 2 and OR at the level of the trace anomaly. The integrability 
condition requires that the coefficient of R 2 in the renormalized lagrangian be proportional to 
the beta function and so vanish at criticality. The coefficient of OR in is directly related to 
the coefficient of R 2 . 



4 Perturbative calculation 

In this section I apply Hathrell's techniques to the 9? 3 -theory in six dimensions, following the 
notation of [17] (turned to the Euclidean framework) as close as possible in order to facilitate 
the reading. There are nevertheless unavoidable complications due to the large number of 
invariants. I take the opportunity, in the derivation, to stress the points that are related to the 
notion of pondered Euler density introduced in this paper. 
The complete bare lagrangian reads 



with 



C B = C q + C 



pi 



a B G 6 + bvRRuvR^ + c B R 3 + d B ROR, 



1 



1 



where £ = (n — 2)/4(n — 1) and r/ is an independent coupling constant. A flat-space lagrangian 
of the form ( |2.9| ) does not have counterterms linear in <p, due to the symmetry (^1,^2,^3) — ► 
(-<Pi,-ip2,<p 3 ). 

The trace of the stress-tensor is 







o + 



Using the formulas reported in the Appendix, we find 



(n-6) a B G 6 + b B RR^R^ v + c B R 3 + d B ROR - 2(n - l)b B 0{R^R^) 



n + 2 



6b + 6(n - 1)cb + 



-d B 



2 , - 2 

6 )^^b " (n - + ( o - 1 ) V-u 



OR 2 - 2(n - 2)b B V ^{R^V V R) - 4(n - l)d B a 2 R. 



(4.1) 



1 ss 

where Eb = [E] = '^j'-Pbj^ is the (/JB-held equation; 0^, is the flat-space limit of the trace 
operator. The coefficient d plays the role of a 1 in four dimensions §. 

An indication in favour of the pondered Euler density is already visible, to all orders in 
perturbation theory, in the expression of 0. Indeed, we see that the four total-derivative 
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terms of the kind (3.5) are multiplied by three independent coefficients only. This integrability 



condition must be compatible with the relationships between the coefficients of the pondered 
Euler density. The crucial test is the ratio between the factors of U^R tiV W jV ) and V ' fi (R IJ3/ V V R), 
which equals 5/4 for n = 6 in G. The same ratio appears in the expression ( |1.7| ) of J a . The 
remaining factors can be checked only after lengthy work, which we now report on. 

4.1 The composite operator p> 2 

The renormalized field ip is defined by 

tpB = Zi(X,n)(f. 

In flat space the renormalization of the composite operator tp 2 reads 

Z2 depends only on A, because the other parameters (in particular 77) disappear when inserting 
[ip 2 ] in flat-space correlators. The operator Op 2 ^ is renormalized in the same way as ip B . We 
can shift 7/b — > ??B + 11^2 > V being an arbitrary finite parameter, and still obtain finite results. 
Therefore we write 



tjb 



(f] + L ri )Z 2 1 , L V = Y^ 



-J- (n- 6)*' 

where the pole part L v does not depend on 77. In curved space the most general expression for 
[ip 2 ] reads 

[p 2 ] = Z 2 -VI + 2^- 6 [(L K(1) + 2r ? L A(1) )^ J R^ (4.2) 
+ (L k(2) + 2r/L A( 2) + 3r ? 2 L E(2 )) J R 2 + { L K W + ^L m )UR] , 

where the pole series L K ,A,s have the same form as L v . The //-dependences follow from the 
requirement of finiteness of ([y 2 ]) in curved space. For example, we observe that 

~0=-|9rtti(iw) = |«* (4.3) 

We can take the flat-space limit and observe that (0 [p 2 ])\ is linear in rj, which implies that 
the coefficient of the curvature term OR in [p 2 ] is linear in 77. The terms R^R^ and R 2 
contribute to the second derivative of ([<^ 2 ]) with respect to the conformal factor (ft, projected 
to flat space. Repeating the above argument, we observe that (O0[c/? 2 ])| contains the term 
r i 2 ([y 2 ] '-'[ ( / j2 ] [ - 1 [ < /' 2 ])- This term, however, does not affect R^ U R^ U and therefore the coefficient 
of R^yR^ is linear in 77, while the coefficient R 2 can be quadratic in 77. 

We proceed by observing that the insertion ^ must produce finite results in correlators of 
elementary fields. We have 

dS_ dS g dS v 
drj drj dr\ ' 
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9Sg 

dr] 

dS v 



da B db B dc B D 3 , dd B 



+ -—— RRuyRt 11 ' + -TT- R +^ — ROR 
Or] or] Or] or] 



J^R^ B Z 2 \ 



dr] 

We can therefore write, by using ( |4.2[) and equating the various independent pole terms, 



flB = ix n ~ 6 (a + L a ), b B = fJ. n ~ 6 (b + L b + r]L KW +r] 2 L AW ), 

cb = fi n - 6 (c + L c + r]L K{2) +V 2 L A (2) + t ? 3 L s(2) ), d B = ]i n ~ e {d + L d + r)L K(3) + r] 2 L A(3) ), 

a, b, c and d denoting finite independent parameters, while L a ,6,c,d etc. are pole series in A of 
the same form as L v . 

4.2 The renormalization-group equations 

Finite and pole parts are related by the condition 

]i^-C B = 0, (4.4) 



In particular, the ambiguities related to the addition of arbitrary finite local terms (3.4) to 



the action are almost completely fixed. Finite local terms add, unchanged, to the one-particle 
irreducible effective action T and affect via the total derivatives of the list ( |3.5| ). This kind 
of ambiguity does not concern as, since the ^-variation of / Gq is zero in six dimensions (see 
the Appendix). Moreover, these additions have to preserve ( [1.4[ ) and therefore cannot depend 
on the renormalized coupling constant A. More precisely, if b B ^ b B + b' fi n ~ e with b' finite, we 
have in the limit n = 6, ]i^- = 0jj^ = 0. The shift b' can thus depend on the coupling constant 
only in families of conformal field theories {0 = 0), such as N=4 supersymmetric Yang-Mills 
theory. This case, however, does not concern us here. Similar conclusions apply to c B and d B . 
Let us start from Dr] B = 0, where 

D — ii ^ — ^ + /3(A) ^ + fj!^ ® + 
d]i d]x d\ d]i dr] 

Here = [iQ = \(n — 6) A + is the n-dimensional beta-function and = —DI11Z3 (X B = 
AZ 3 (A,n)^-( n - 6 )/ 2 ) is the six-dimensional one. We write 

(D + 7 )Z 1 - 1 = 0, (D + 6)Z 2 ~ 1 = 0, 

7 and 5 being finite functions, the anomalous dimensions of if and c^ 2 , respectively. Calling 
V (X) the finite function (D — 5)r] = ]i^ —Sr], we can write the renormalization-group equation 
for the 77-poles in the form 

(D - S)L V = —0 n = ^^iWi (4-5) 
the last equality being obtained by writing the finite term in (D — 5)L V explicitly. 
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Similarly, Dob = -D&b = Dcb = Dd^ = 0, give the other renormalization-group equations. 
Calling (3 a> b, c ,d(ty etc the various finite parts, functions of the coupling A, we have 

Da = p a 

D(b, c, d) = /3 b , c ,d + 77/^(1,2,3) + r/ 2 /3 A( i, 2 ,3) + r? 3 /3 E(2 ) , 

Pa,b,c,d = -(n-6)(a,b,c,d) + (3 a ,b,c,dW, 

[{n _ 6) + D]La = _f ]a{ x) = l.±^ 2 a 1 ), 

1 d 

[(n - 6) + D]L b>c>d + P v L k{ i,2,3) = -P b ,c,d = (A 2 (6,c,c?)i) , 

[(n - 6) + D + <5]L k(1 , 2 , 3 ) + 2A,L A( x, a , S ) = -#,(1,2,3) =^ (a 2 Ki 1,2 ' 3) ) , (4.6) 



2A<9A 
1 5 



2 a (L2,3) 



[(n - 6) + D + 25]L A(1 ,2, 3 ) + 3^L S(2) = -%i, 3 . 3 ) = V A A i 

[(„_ 6 ) + ,0 + 3^(2) = -/3 E(2 ) = (A 2 SS 2) ) . 

We have compressed the formulas in a self-evident notation. We recall that a±, b±, etc., are the 
simple poles of the various counterterms. 

At a first reading, the reader can follow the various steps focusing on the quantity a. The 
rest is entirely analogous, with the complication due to the renormalization mixing with the 
operator <p 2 . 

4.3 The composite operator ip 3 

The analysis of the composite operator ip 2 has to be repeated for ip 3 , by studying the insertions 
of §j in correlators. Actually, this procedure produces the integral of the renormalized operator 
[(p 3 ], rather than [ip 3 ] itself. Therefore [p 3 ] is obtained up to arbitrary total-derivative terms of 
the form (3.5) and n[y 2 ], multiplied by pole series that we write as 

1 ^(1,2,3,4) + L )+ ^(1,2,3,4) +L 3i4) ) + ...) and J—( e +L e ), (4.7) 



a [J "I" -W (1,2,3,4) -T'{y T fl (i,2,3,4); -I \ aim -1 

n — 6 V 1 y > re — 6 

respectively, /( 1 ' 2 ' 3 . 4 ) i g0-2££) ; etc., and e denoting finite functions. The result for ^ji~( n ~ e ^ 2 [tp 3 ], 
as well as details of the calculation, are given in the appendix, formula ( |6.36| ). 

At this point, using (|4.1| ) we obtain the manifestly finite formula for the trace anomaly, 
which is 

© = -^V (n - 6)/2 +Q-l + 7)[E]-(e + (n^^^ 

" A G 6 + 0b,c,d + ^(1,2,3) + r/ 2 /3 A(1 , 2 ,3) + ifp^iRR^R^, R 3 , RdR) 
"(/(i) + 2 (n - 1)6 + V g^ + rfhWpR^BT (4.8) 



?i— 6 



+ (/ (2) + + 2)6 + 6(n - l)c + ~(n - 2)d + r/5 (2) + r? 2 /i (2) ) Qi? 2 

+ (/( 3 ) + 4(re - l)d + r,g^ 3) )U 2 R + (/( 4 ) + 2(n - 2)6 + rj fl ( 4 ' + r] 2 h^)V ^R^V V R) 
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and the consistency relations ( |6.38| ) implied by finiteness. Other remarkable relations are ob- 
tained by applying the operator (3~ 1 D/3 to [ip 3 ]- The operator [3~ l D(3 has the property that it 
produces finite quantities when acting on finite quantities. Re-expressing f3[ip 3 ] in terms of G 
and using DQ = 0, finiteness implies the important relations ( |6.38| ). 

We are now ready to study the lowest-order contributions to some functions. The anomalous 
dimension 5 of [ip 2 ] is clearly 0(A 2 ). The quantity e/A is the lowest-order pole of the mixing 
between [tp 3 ] and □[v? 2 ], and is 0(A 3 ). Therefore e = C(A 4 ). The first equation of the list ( |6.38|) 
gives V = C(A 6 ). Formula (U) gives 7/1 (A) = C(A 6 ) also. 




According to the definition ( |6.36| ) of [ip 3 ], the quantity f^/X is the first pole of the mixing 
between [ip 3 ] and G (via D 2 i?). In particular, 

(finite) = -LA (b 3 ]) = _ (0b 3 ]) + 

Projecting this equation to flat space, we see that the pole /^ 3 ^ /A is cancelled by the first pole 
of (G[(/9 3 ]). This is at least 0(A 3 ), as we now show, so that we expect /( 3 ) = 0(A 4 ). 
In flat space, the operator Q(x) reads 

©I = "f ^V (n " 6)/2 + Q - 1 + 7) [E] - (e + (n - l)r?)Db 2 ]. 

We recall that /3 = C(A 3 ), while e = C(A 4 ). Moreover, we can write (3 = ±(n-6)A+/3 = C(A 3 ). 
Indeed, the term proportional to (n — 6) selects a higher-loop singularity, and we can formally 
say that (n — 6) is 0(A 2 ). Finally, 7 = C(A 2 ), but we can neglect the term in [E] in (Q [<p 3 ]), 
since a simple functional argument shows that ([E] P) = for any operator P. We have thus 
proved that /^ 3 ^ = C(A 4 ). There is, however, a cancellation between the two-loop contribution 
singled out by the term 4(n — 6) in and the one-loop contribution coming from (3. This 
enhancement, which produces the result that /^ 3 ^ is actually C(A 6 ), will be proved in the next 
section. Precisely, it will be proved that [3d = 0(A 8 ). Then the claimed result follows from the 
fifth formula from the bottom of the list (|6.38| ). 

We now consider the quantity /A. We can repeat the above analysis and consider 
the ?7-term in Q|. The pole g^/X cancels the first pole of {[<p 3 ] ^[<p] 2 ), which is 0(A). So, 
g( 3 ) = 0(X 2 ). No enhancement takes place here. 

Moreover, the fourth formula of ( 6.3§| ) from the bottom implies that /? K (3) = C(A 4 ). The 



same result can be proved, using formula ( |4.3[ ) projected to flat space and the definition fl4.2| ) 
of [</? 2 ]: fcj[ is the first-loop pole of {f3[ip 3 ] [if 2 ])- Taking the 77-term, a similar argument proves 
that /3 A(3 ) = 0(1). Similar considerations show that /t 1 ' 2 ' 4 ) = C(A 6 ), g^ 1 ' 2 ^ = C(A 2 ), /3 k( i, 2) = 
0(A 4 ), /3 A(1 , 2) = 0(1). 

Before closing this section, let us discuss the parameter r/ in detail, in particular the 
renormalization-group equation Dr] = 5r] + /3„. Writing, r\ = u(X)rj' + v(X), we have Dif = 0, 
and for n = 6, u(A) ~ X 61 ^ 1 (where 5 = 5iX 2 + 0(A 4 ), f3 = fcX 3 + 0(A 5 )) and u(A) = 0(A 4 ). 
The parameter rj is the true independent coupling constant of the term Rip 2 in the lagrangian 
and can be set to zero. A non-zero value of this parameter would produce non-integer powers 
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of A and therefore the choice rj = is universal. This can be better apppreciated by observing 
that the solution for u(X) reads 



The arbitrariness of Ao is the same as the arbitrariness of rj' . Now, u(X) is not proportional to 
the beta function, so contains a term r]'u(\)a[tp 2 ]. To restore scale invariance at the fixed 
points, should be proportional to the beta function, up to field equations. Therefore we have 
to set r/ = 0. The remaining □[</? 2 ]-term is indeed proportional to the beta function, since using 



the first relation of ( 6.38 ) the coefficient of the □[yr]-term in reads 

(5 drj 

e+{n- 1)77= (n- 1)^7^ • 

Observe that is regular also in the free- field limit. For a generic interacting fixed point, 
5* > 0. We conclude that only the choice rf = is consistent with the RG interpolation 
problem. At a criticality we have, correctly, 

e| = Q-i + 7 .) [E], 

7* being the anomalous dimension of the elementary field (p. 
4.4 The G two-, three- and four-point function 

We now explain the basic reason why the pondered Euler density comes out naturally of the 
calculation. It is convenient to define 

We study the first, second and third derivatives of 0, which are related to the two-, three- 
and fourth-point functions of itself. The derivatives of a finite quantity, like (0), are finite. 
Therefore we have, for example, 

^ = -<0 ©) + (^©) = (finite). (4.9) 

First, we can work out relations between the poles. Then, using the RG equations, we can 
obtain information about the finite parts. 

The two-point function fixes the order of the first radiative correction to the coefficient d, 
in particular the coefficient d\ of the first-pole term. 

Let us define 

§-3-(=-iW-8-(=-iU 
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so that equation (|4.9|) can be re-expressed as 



(6 9) + < —6 ) = (finite). (4.10) 



We can neglect the term in [E] in (G 0), since ([E] P) = for any P. We have 
9 



" 6 AB & - (n - l) VB U<p 2 B = -^[^] M -(n-6)/2 + 7[E] _ (e + (n _ l) v )n[^}. 



2 3! r * v ra :! ! 

We can write in general 
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The operator Q is particularly useful. It contains poles, but we will see that they are harmless, 
since they multiply just the field equations. An important property of Q is D(J3Q) = in flat 
space. 

We recall that (3,{3 = C(A 3 ), while e,rj = C(A 4 ), 7 = C(A 2 ). Naively, we expect d x = C(A 6 ). 
We now prove that there is an enhancement due to the RG equations and d\ = 0(A 8 ). This 



phenomenon is similar to a phenomenon occurring in four dimensions [17], but here is implies 
that the first radiative corrections to the quantity a are four-loop, rather than three-loop. We 
write the poles of the two-point function as 

(Q(x) Q(0)> = ^ n " 6 (^Jf^J L x a3 S(x) + (finite), (4.11) 

where Lx is a pole series of the usual form. The divergent terms are local, since sub divergences 
are originated only from vertex graphs of elementary fields and at most one insertion of Q. 
Therefore they are automatically subtracted away. 

We see that the first pole X\ is, by definition, C(A 2 ). Writing X\ = xi\ 2 we find by explicit 
computation 

1 1 

xi 



4 • 6! (4tt) 



Formula ( 4.10 ) gives 



dl = 200' 

where X 3 is the triple pole of Lx- We put a tilde on d\ to stress that the first pole in consid- 
eration does not come just from Ld, but from the full sum Ld + rjL K (3) + rj 2 L A (3) appearing in 
the definition of c?b given in section 4.1. The ^-contributions are indeed 0(A 8 ) also. 

We can compute X3 as follows. We apply /3~ 2 D(3 2 to ([4.1 1|) and observe that (3~ 2 D/3 2 (finite) = 
(finite). Moreover, we recall that D{(3Q) = 0. We have, therefore: 

fcj^J [(n - 6) + D]L X = (finite) = (a 2 ^) . (4.12) 



17 



The right-hand side is obtained by writing the unique finite contribution to the left-hand side. 
Solving the recursion relations we arrive at 



and therefore 



d_ 

X, 



1 



P1P2X1X 8 , 



1 



A 8 



5 ' - ' ' ' * 4000 • 6r x '~"(47r) 
We now study the second derivative of (@(x)) with respect to cj), 



(4.13) 



(e(x)Q(y)Q(z)}- 



/ S@(x) 



O(z) 



I 5 2 @(x) 



= (finite). 
(4.14) 

The G three-point function contains non-local divergences associated with vertices with two 
O-legs in the same point. These, however, are subtracted away by the middle terms of ( [4.14 ) 
and the remaining overall divergence (the last term on the left-hand side of ( f4,14| )) is indeed 
purely local. ( 4.14 ) can be written in the schematic form 

'S 2 Q(x)" 



(G G G) - 3( G 4? ) + 



where we have defined 



and used 



AG 

Acj) 



<[E] A B) 



Acj) / 



50 n -2 50 

5(f) 2 ^ B 6(fB 



SA \ I SB 



(finite), 



(4.15) 



' 5ifB 



(4.16) 



We write 



A0(x) 



A0(y) 



P^rr+Kn-lfdB^5(x-y). 



A<f>(y) 

The de-term here originates disconnected contributions to the correlators. There is no such 
contribution in (4.15), but there will be some in the four-point function. Moreover, we write 



{QQQ)*-l{Q ^) 
(3 A<p 



n— 6 



n — 6 

7T , 



Ly x local structure + (finite). 



(4.17) 



Here there are also non-local divergent terms coming from sub divergences with a vertex of two 
Q-legs in the same point. Not all of them are automatically subtracted by the second term of 
(4.17). The star subscript means that we subtract them away by hand. 

The local structure of formula ( 4.17| ) is a sum of expressions of the form d p 5(x—y) d q 5{ 



x—zj 



with p + q = 6, p, q > 2, fixed by the term ( 



6 2 Q{x), 



m 



(EB- 



Applying (3 3 D/3 3 and using = we can prove an RG equation similar to (4.12) and 

show that there is an enhancement again. This would be straightforward in the absence of the 
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subtractions just mentioned. The result is that one finds an equation of the type (f4.12| ), but 
with a non-zero right-hand side. It is easy to see, however, by direct inspection of the structure 
and graphs of ( 4.17 ), that these corrections are of higher order (0(A 4 ) for Y\, 0(A 6 ) for Yz, 
etc. up to 0(A 10 ) for Y4) and we do not need any enhancement to discard these. This fact is 
actually natural, since sub divergences cannot contribute to the lowest orders, which is all what 



we are interested in here. In four dimensions the matter is entirely similar [17, 18]. We also 
remark, without giving further details, that there is one peculiar local structure which is not 
affected by non-local subdivergences. This is not sufficient, however, for us, since we need two 
conditions. For this reason we are compelled to inspect the subdivergences originated by the 
vertices with two Q-legs in the same point. The matter is simpler for the four-point function, 
where there is one special local structure and we need precisely one condition. 

A direct inspection of ( [4 . 1 7| ) proves that to the lowest order Y\ = 0(A 2 ). 
equations imply Y2 = 0(A 4 ) and I3 = 0(A 6 ) and one naively expects Y4 
enhancement fixes instead Y4 = 0(A 10 ). 

To help studying Y\ we observe that 



so that the RG 
= 0(A 8 ). The 



AQ 



2 V 



n)Q + r/terms. 



The ry-terms are of order 0(A), at least, quadratic in ip, and also contain poles. The important 
fact is that AQ/A(j) is of higher order with respect to Q. Finally, in Q the field equation E 
is multiplied by 7//?, which is formally 0(A/(n — 6)). Let us note that ([E][E][E]) = 0, which 
follows from ( 4.1 G| ) . 



Now, Y\ = 0(A 2 ) means a simple pole in ( 4. 17] ) of order 1/A. This can be originated, 



indeed, by the denominator 1/(3, but it is easy to check that contributions worse tan this (finite 



or divergent, local or non-local) simply do not exist in (4.17). 

We conclude the analysis of the three-point function by stating that 



<5 2 9(x) 



(finite), 



(4.18) 



to the order A 8 included. In particular, we study the simple poles of (4.18) and set them to 
zero. These are linear combinations of b±, c\ and d\ (see below). Because of the one-to-one 

correspondence between pole terms and finite terms, it is like setting the finite part of - e ^ 



to zero and this is the first step for the definition of the pondered Euler density. 
Then, the argument is repeated for the four-point function, first writing 



+ 6 96 



AG 

~A(f) 



5 3 Q(x) 



and then observing that this formula reduces to 

/ <5 3 9(x) 



6<p(y)5(f)(z)5(j)(w) 



(finite), 



(finite), (4.19) 



(4.20) 
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to the order we are interested in. This result can be obtained following the same procedure 
that we have applied for the two- and three-point functions and keeping into account that, 
despite there are disconnected contributions, they sum up to finite terms and can therefore be 
neglected throughout. Indeed, the disconnected contributions to ( |4.19| ) read in flat space 

2 

| = (finite), 



USUI 



g(B- 

We study the order- A 8 simple poles of ( [4.18 ) and ( 4.2CQ . The relevant contribution to is 



1 



n — 6 



a 2 G 6 - 10&]D {R^R^) - 8hV^ (R» U V„R) - (30ci + 46 a + 2d 1 )aR 2 - 20d 1 n 2 R 



(4.21) 

We recall that the tildes on b\,ci,d\ denote the full first poles of 6biCb,o!b (see section 4.1). 
Condition ( 4.18[) gives 

~ ~ 39 ~ 

h = 5di, ci = -—d u (4.22) 

while ( |4.20| ) imposes 

25 ~ 

a 2 = — d u (4.23) 
b 



so that (4.21) reads 



20 diG fl . (4.24) 



6(n - 6) 

This is the form of the simple poles. We now show that the finite parts (as well as the other 
poles) are related in a similar way. Formula ( [4.23 ) is the analogue of the identification a = a' 
ofref. §. 

We compare the radiative correction to the coefficient — (3 a of Gq with the prediction ( p. 10 ). 
We recall that 

according to (4.6). The same renormalization-group equations ( |4.6|) give 



d\ 2A d\ 

Here, a 2 = ^fd\ can be read from ( (4.13| ). The additive constant in a\ is not fixed by our 
procedure. It is the free-field value of the anomaly, which can however be computed directly 
|2C]. Combining the above results we have 

0= ( COnSt - + 74^(4^) G6 + reSt ' (426) 

to the fourth-loop order included, as we wished to show. 

Recalling the procedure with which d\ was calculated, this result shows the direct relation- 
ship between the coefficient of the Euler density (which contributes to the O four-point function, 
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since it is cubic in the Riemann tensor) and the G two-point function, in agreement with the 
ideas of ||. This relationship in non-trivial and would not be naively expected to hold. Only 
when analysing the induced effective action for the conformal factor does one uncover that a 
very simple positivity property is actually equivalent to the claimed relationship to all-orders 
in perturbation theory ||. We stress that the positivity arguments of || do apply here and 
imply that the induced action for the conformal factor is negative definite throughout the RG 
flow. 

The terms of the list (|3.4 



We now comment on the remaining terms of ( 4.2q ). The terms of the list (|3.4| ) should 
be proportional to the beta function, by the integrability condition, while the terms of the 



list (3.5) should reconstruct G6, as in (4.24). However, this is not straightforward, due to 
the renormalization mixing betwen Q and n[y 2 ]- Having already obtained the desired result, 
namely ( f4.26| ), we will not pursue this matter further. Nevertheless, we conclude this section 
by showing that, consistently with what we have just said, there would be no trouble in the 
absence of the nf^ 2 ] -mixing. In this case, the equations reported in the appendix (as well as our 
discussion so far) would simplify enormously: rj, e, (3„, k^ 1 ' 2,3 ), A^ 1 ' 2,3 ), H^ 2 ), gt 1 ' 2 ' 3 - 4 ), /jC 1 ' 2 - 4 ) — > 0. 



We are left with a, b, c, d and y( 1 > 2 ' 3 ' 4 ) ) related via an oversimplified version of ( |6\38|) and 
namely — for n = 6 — 



5 A, 
10Pd 



A J ' 



2[3 b + 15& + P d ~- 
4A> = t/ (4) > D(b.r.d) 



d(b, c, d) 
dX 



Pi 



b,c,d- 



(4.27) 



We see that Pb,c,d, coefficients of the terms ( |3~4| ) in G, are proportional to the beta function, in 
agreement with the integrability condition. The coefficients of the terms (|3.5|), 

-{fM+10b)nR R^-(fW + 46 + 30c + 2d) OR 2 -(f^ +20d)a 2 R-(f^ +86)V JR>* U V„R), 



can be found by repeating the above procedure for /3 a . We have, using ( 4.27|) , 

- — — (A 2 llObaR^R^ + (4b + 30c + 2d)UR 2 + 20dD 2 R + SbV ^{R^V V R)\ } . 
2A oA ^ J J 

Now, ( |4.6| ) gives also equations that are analogous to ( |4,25 ): 



db 1 d / 2 \ dc 1 d ( 2 \ dd 1 d / 2 \ 



Therefore, the relations ( 4.22[) and Q4.23|) between 02 and bi,ci,d% are promoted to similar 
relations between a\ and b,c,d (up to the usual additive constants), so that, in turn, ( |4.26 ) is 
promoted to 



G 



J_d_ 

2XdX 



A 2 ai ) G6 + rest. 



5 General dimension 

We now discuss the case of generic n. The pondered Euler density has the form 



G n = G n + V a J« = G n + ■ ■ ■+ Pn a n / 2 - 1 R, 



+ Pn V a a2- 2 R. 



(5.28) 
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The dots stand for a list of trivial total derivative terms, which are at least quadratic in the 
curvature tensor. The weights of the various terms in the list are chosen in such a way that on 
conformally-flat metrics 

VffGn = -2(n - l)p n Di(/). 

Only the coefficient p n in ( |5,28| ) is relevant to quantum irreversibility and the definition of G n 
makes it easily calculable. We plan to devote a separate paper to the general mathematical 
constrution of G n . 

The computation of p n proceeds as follows. The Euler characteristic of an n-dimensional 
sphere S n , equal to 2, can be written as 



2-7T2 (§)! JS^ 2-7T2(§)!J5" 2-7T2(§) 

where 

2 

a.\(3\---a.n j3n 



c n = (-i)^s, e a ^- a ^ n^ss- ( 5 - 29 ) 



1 Y 

1=1 



A sphere has the metric ds 2 = , so that <p = — ln(l + x 2 ). A tedious, but straightforward, 

computation gives 

n 3 n 1 , v n ~ ( Tl\ , ... 1 



'(i + N 



and 

' n 



U2<j) = 2 n (-i)2vr2r y-j . 

We have therefore the result 

XL 

Pn = ~TTi 7T) 

l[n — \) 

which agrees with the known values in n = 4 ( |1.2| ) and n = 6 ( |1.7| ) . With the help of a computer 
we have checked this formula for n = 8, where the pondered Euler density reads 

Gs = Gg — ^ q3 -R + V a Jg red , 

with 

1 Q84 1 9Xf) 1 094 91 *^7(i 

J 8 ° rcd = w (V™)i?-^(V M Di?)i^ + ^(^ 

(y, Rpa ) BTBT - ^| (V^) i? 2 + ^ (V,i?) flfl^ 

(V a i?^) V^V.i? - ^ (V^) V a V p R^ v + y (V M i?) UR^ 

(v«r, v ) nur + (VT^) V M V^ - ^ (V^) DU^. 

On conformally-flat metrics we have 

y/gG n = 2 2 n □ 2 (/> 
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for n > 2. For n = 2, G 2 = G 2 . 

We are ready to write the general formula for the a-flow. We normalize a in such a way 
that the trace anomaly equation reads at criticality 

= a n G n + conformal invariants = 2 2 n a n e 2 (/>. 

The two-point function reads 

(0(x) 0(y)) = -2%na n U^8{x - y) 
and the expression for the a-flow is: 

« n UV -4 R = 3, ; ~ t " / d n x\x\ n (0(^)9(0)), (5.30) 

2~ - 1 nT(n+ 1) J 

using □ i|x| n = n (2n — 2)!!. 



Using [20 1, we can read the values of a n for free fields in arbitrary dimension and normalize 



a n so that it equals 1 for a real scalar field, and reads in general 

N s + f n N f + v n N v (5.31) 

for free-field theories. 

The odd-dimensional formula of quantum irreversibility that we propose is obtained by 
putting n =odd in ( |5.30D . For example, 



auv - a m = J d 3 x |x| 3 (G(x) 9(0)) 



in three dimensions. The normalization ( |5,31| ), as well as the free-field values of a, can be 
extended to odd dimensions in the same way. This recipe defines the a-function in odd dimen- 
sions. The value of a for an interacting odd-dimensional conformal field theory connectible to 
a free-field theory by an RG flow is defined by formula ( 5.3C| ) itself. 



This prescription has a predictive content. It can be checked, in principle, in the case of an 
RG flow interpolating between two free-field theories, where be worked out in 

two independent ways: the evaluation of ( |5.3C| ) and the continuation of the free-field value of 
a, for example (5.31). 



There is no known odd-dimensional example of an RG flow between two free-field theories. 
Its existence is plausible, however, since four-dimensional situations of this type are known, for 
example the lower bound of the conformal window in supersymmetric QCD, which, according 
to non-Abelian electric-magnetic duality pq| , is manifestly free in a dual formulation. 

6 Conclusions 

A "pondered" notion of Euler density G, linear in the conformal factor, is naturally singled 
out by the radiative corrections to the trace anomaly in external gravity and is relevant to the 
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phenomenon of quantum irreversibility, measured by the invariant area of the graph of the beta 
function between the fixed points. The existence of G is a support to the ideas of ref. 0|. 
Formulas for arbitrary even dimension have been derived, and detailed calculations in six and 
eight dimensions have been performed to check the predictions. A natural, odd-dimensional 
formula has been proposed by dimensional continuation. 

Our expression for Ao can be checked order by order in perturbation theory, even when 
there is no interacting fixed point. Here, the (/? 3 -theory in six dimensions has been considered in 
detail. Complications are due to the large number of invariants, as well as the renormalization 
mixing between the operators ip 3 and f 2 . In higher dimensions it should be possible to test our 
ideas using higher-derivative renormalizable field theories as a laboratory. We recall, anyway, 
that the idea of quantum irreversibility is meaningful in complete generality, even if the theory 
is non-renormalizable, provided that the intrinsic RG running of the coupling constants is 
isolated (in a way to be uncovered) from the spurious effects of dimensioned parameters |J. 
The inequality auv > &1R might be violated, since higher-derivative theories are not unitary, 
but formula ( 5.3CQ should hold, at least if suitable positivity restrictions are imposed on the 
classical action. 



Appendix 

I report in this appendix some useful formulas, starting from the expressions of the curvature 
tensors in a conformally flat metric, 



9w> 



e 2 H 



R 



-2(n - l)e 



-26 



U6 + 



n 



R 



>)J,U 



3.32) 



= -{n - 2)d^d v (j> - S^Utfr + {n- 2)d^d v ct> -{n- 2)6„ v (d a <j>) 2 . 

n cov S = e~ 2 ^(D + ( n - 2)d a (/)d a )S, S = scalar. 

The meaning of the symbol □ (covariant or flat-space d'Alembertian) is clear from the context 
in which it is used. The conformal variations needed in the paper are 



5R = -2(n - 1)D<50 - 2R5(f>, 



5R 



•pv 



-(n-2)V M V^-^D( 



S R" 



5 I RRp V R» v 



5 I R^R vp R% 



5 J RUR 
5 I G fi 



n - 6)R 3 - 6(n - 1)DR 2 
n - 6)RR^Ri* v 



n 2 

^—OR 2 - 2(n - lWR^RT) - 2(n - 2)V^R^V V R) 



3n - 2 



n - 6)R^ u R up R l i + -UR 2 - - n U{R R» v ) - - 



3 n(n 



n - 6)RDR 
n-6)G 6 . 



p ' An- 1 
n-2 



2 ; " 

2 a /„ 1 \ i — 12 ; 



2 n- 1 



UR Z -4(n- l)a z R. 



(6.33) 
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We have used (1.6) systematically. Here 5 = 4> denoting the conformal factor of the 

metric. 

The renormalized operator [ip 3 ] is obtained starting from the finite insertions of in cor- 
relators. We describe here some relevant aspects of the procedure. 

There is an important preliminary observation to make. When taking the A-derivative of 
the action S, we can omit any finite term and keep just the poles. Indeed, finite additional 
contributions to [ip s ] (having a correct power expansion in A) do not affect the result that we 
need, since they appear multiplied by n — 6 in 0. 

Moreover, we have to omit finite terms such as |f G 6 , f^RR^R^, etc., but for a different 
reason. Although they are finite (and therefore do not change the pole part of the renormalized 
operator), the expressions |f , &, etc., do not have an ordinary power expansion in A [17] and 



cannot appear in the definition of [</j 3 ]. The reason is readily explained. From fl4.6| ) we see that 
a satisfies the equation 

^ + =^£ (*•)=«■<»>■ <"■"> 

A power expansion for (3 a (X), assured by our arguments, excludes a power expansion for a. This 
is not a contradiction in the derivation, but an important property of the functions appearing 
in the induced effective action for the external gravitational background. The expressions in 
question do not appear in 0, nor in the induced action projected onto conformally flat metrics. 

A more direct explanation of this matter is obtained by considering (|6.34 ) for n = 6: we see 
that |f contains a denominator 1/(3 and we run into the problems described in the introduction. 
Such terms cannot appear in the expression of [</? 3 ]. Once this observation is kept in mind, there 
is no further obstruction to correctly identify the renormalized operator [y? 3 ]. 

We have therefore, using the RG equations of section 4.2, 

<9Ab In — 6 <91nZi7 



9(b,c, cQg _ _„n-6l 



(n - 6)(L 6>Cjd + i]L k{1 ,2, 3) + rj 2 L A (i,2, 3 ) + f? 3 £ S ( 2 )) (6.35) 

+Pb,C,d + /3j7-k K (l,2,3) + 7/(/3 K (l,2,3) + 2/3 ?? L A (l,2,3) + 8L K (1,2,S)) 

+r] 2 {(3 A (i,2,3) + 3^L E( 2) + 25L A( i,2,3)) + r? 3 (/? S (2) + 35L^ 2 )] 

This analysis fixes only the integrated renormalized operator and so we can add arbitrary 
local terms, finite or divergent, which have to be fixed by requiring that G be finite and by 



studying the renormalization-group equation of [92 s ] . The possible local terms are (3Jj) plus 
□ [(/7 2 ]. We write their coefficients as shown in eq. (|4.7| ). 

Finally, the renormalized operator ■^jj>~( n ~ 6 ^ 2 [ip 3 ] turns out to be equal to ^"T 6 -* times 



2 6: 2 n — b n — b n — 6 



n — 6, 
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+ (Lb,c,d + V L K a,2,3) + r/ 2 L A( i, 2 ,3) + V 3l 



S( 2 ) 

| Pb,c,d + rj(3 K (i,2,3) + 7? 2 /3 A( i,2,3) + ?/ 3 /3 S (2) \ r3 RaR , 

n — 6 \ v v 

+ — ( /(1AM) + (1,2,3,4) + ^(1,2,3) (636) 

n — 6 V 

+L /{1 , 2 , 3 ,4) + r]L g{lM + r) 2 L h(l ,2,3)) (aiR^R^), aR 2 , a 2 R, V^R^V V R)) 

One can check that the operator ^ [ip 3 ][i~( n ~ e ^ 2 defined by this formula has a correct power 
expansion in A. 

Finiteness of 0, formula ( [4.8|) , fixes the pole series of the total-derivative terms in [<p 3 ]. We 
obtain 

L e = -(n-l)L v , 

L /( i) = -2(n - l)(L b - L v L Km ), L gW = 4(n - 1)L V L AW , L hW = 2(n - l)L AW , 

1 n — 2 
L / (2) = ~2( n + 2 ) L & ~ 6 ( n ~ X ) L c —^ + 2(71-1)^^(2), 

1 n — 2 
£ g ( 2 ) = --(n + 2)L re( i) -4(n-l)L K(2) — L k(3) + 4(n - l)L v L A(2) , 

1 n — 2 
L /i( 2 ) = ~2^ n + 2 ) L A(i) - 2 ( n - !) L A(2) L AW + 6 ( n - l ) L v L W)i 

L /(3) = -2(n-l)(2L d -L fJ L lc(8) ), L fl(8) = -2(n - 1)(L k(3) - 2L V L A(3) ), (6.37) 

L /{4 ) = -2(n - 2)L 6 , L 9 ( 4) = -2(n - 2)£ re( i) , L ft(4 ) = -2(n - 2)L A(1) , 

Next, we have to relate the finite functions f,g,h to the other finite functions. This can be 
done by studying the renormalization-group properties of the operator [<p s ]. We observe that 
f3~ 1 D(3 produces finite quantities when acting on finite quantities. We therefore consider 

/r 1 ^ (/3^-<"- 6 >/V]) = (finite), 

re-express [(/? 3 ] in terms of 0, and use DQ = 0. Moreover we use 

Z% 2 ] = -<%*] - 2^- 6 (/? K(1 , 2 ,3) +2^,2,3) +3 V 2 f3 s(2) )(R flu R^,R 2 ,OR), 



which can be found by direct inspection of (4^). The result is 

(n-l)p v = Se, 2(n-l)p b -2ep KW +p v 9 {1) = 
-4eP Am +2(3 v h^ = ^-5^jgW, -(n - 1)/3 A(1) = ^-^fcW 
^±1/% + 6(n - 1)& + I^ft - 2eP K(2) + fl,^ = 2^/( 2 ), 

" • 2 , , ^ , " 2 , , , , n o W31 >' 



2 



+ 4(n - 1)/? K(2) + ^/3 K (3) - 4e/3 A(2) + 2/3^( 3 ) = ^ - ^ j/ 2 ) , 
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^/3 A(1) +2(n-l)/5 A(2) +^/3 A( 3)-6e/3 s(2) +5/? A( 3) = 
4(n-l)/3 d -2e/3 K(3) +/? ?? <7 (3) =2^/ (3) , 2(n - 1)/3 K ( 3) - 4e/3 m = ^-S^g®, 
2(n-2)l3 b + P v g^ =2^\ 2(n - 2)/? k(1) + 2/3^ = ( 2 £ - </( 4 ), 

(n-2)/3 A(1) = (f-^ (4) - 
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